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The main purpose of this work is to describe the quantum analog of the usual
classical symplectic geometry and then to formulate quantum mechanics as
a noncommutative symplectic geometry. First, we describe a discrete
Weyl-Schwinger realization of the Heisenberg group and we develop a discrete
version of the Weyl-Wigner—Moyal formalism. We also study the continuous
limit and the case of higher degrees of freedom. In analogy with the classical
case, we present the noncommutative (quantum) symplectic geometry associated
with the matrix algebra M)(C) generated by the Schwinger matrices.

1. INTRODUCTION AND MOTIVATION

It is well established now that it is possible to give a complete description
of Hamiltonian mechanics in the context of Poisson symplectic geometry
(Guillemin and Sternberg, 1984; Abraham and Marsden, 1985; Amold, 1989).
On the other hand, since the appearance of quantum mechanics, several
attempts have been made to give a precise interpretation of the guantization
phenomenon. This latter refers substantially to the construction of a quantum
system which admits the classical one as its limit when Planck’s constant i
tends to zero.

In the beginning, quantum mechanics was interpreted as a statistical
theory over phase space. Founding upon the Weyl (1931) quantization proce-
dure Wigner (1932) gave an expression for a phase space distribution function
(see also Baker, 1958; Agarwal and Wolf, 1970; Galetti and Toledo Piza,
1988).

Interesting developments of the Weyl—Wigner approach are due to Moyal
(1949 who introduced the sine-Poisson bracket (or Moyal bracket), for func-
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tions on phase space that first corresponds to the commutator of quantum
mechanical operators associated to these functions, and second goes into the
usual Poisson bracket at the classical limit: i — 0 (see also Rivier, 1951;
Jordan and Sudarshan, 1961; Remler, 1975; Liu, 1976; Sharan, 1979).

It was realized that the Weyl-Wigner—~Moyal quantization procedure
can be fit into the context of the deformation theory of algebraic structures
(Vey, 1974, Flato et al., 1976; Bayen et al., 1977, 1978; Lichnerowicz,
1983). Recently there has been a revival of this technique of quantization
by deformation (Bakas et al., 1987; Dunne, 1988; Dunne et al., 1988; Fairlie
et al., 1989; Bakas, 1989; Carinena et al., 1989; Gurevich and Rubstov, 1992;
Grabowski, 1992; Ballesteros et al., 1992; Kammerer and Valton, n.d.).

In the context of C*-algebras, the set C*(M) of smooth functions on the
classical phase space (CPS) M %" of some classical dynamical system forms
a commutative associative Poisson—Lie C*-algebra equipped with a pointwise
product - and with a Poisson bracket { , }. The underlying differential geometry
is endowed with a (classical ) commutative symplectic structure. So, quantiza-
tion of a classical dynamical system appears in this framework as a breakdown
of the commutativity symmetry of the classical C*-algebra. In fact, the quanti-
zation by deformation procedure consists in maintaining the structure of the
CPS and changing the algebraic structure defined on it by deforming the
pointwise product and the Poisson bracket into a star-product *; and a Moyal
bracket {, ), respectively, making use of the Weyl correspondence.

For instance, the noncommutative tori (Rieffel, 1988) can be considered
as deformation quantizations of ordinary tori for an appropriate Poisson
structure (Rieffel, 1989). It was shown that the action (by translations) of an
ordinary torus T¢ ~ RZ¢ on the noncommutative torus A = C*(T“) makes
this latter a noncommutative symplectic manifold with a smooth differentiable
structure on which Connes (1980, 1986, 1990) showed how to extend the
apparatus of the usual differential geometry involving connection, curvature,
Chern classes, etc.

Therefore, the starting point of the noncommutative differential (symplec-
tic) geometry consists in replacing the abstract commutative C*-algebra
C”(M) of smooth functions on a commutative (symplectic) manifold M by a
noncommutative C*-algebra A of functions on a noncommutative (symplectic)
space. It is clear that, in the noncommutative symplectic case, one must define
the noncommutative (or quantum) analog of the commutative (or classical)
symplectic structure such that one arrives at the latter from the former by
means of a commutative limit.

In addition to Connes’ (1980, 1986, 1990) approach, there exists another
one due to Dubois-Violette (1988, 1990; Dubois-Violette et al., 1989a,b,
1990a,b) which differs from the first one essentially in the definition of the
noncommutative generalization {) of the differential algebra of differential
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forms (for review see also Djemai, n.d.-c). In this approach, a noncommutative
symplectic structure for A is an element w of Q3. (A), where p.(A) is the
smallest differential subalgebra of the complex C(Der(A); A) and Der(A) is
the Lie algebra of all derivations of A. The element w must satisfy the
following conditions:

(i) Foragiven H € A, there is a unique derivation ham(H) € Der(A)
such that

o(X, ham(H)) = X(H) for any X e Der(A)
(ii)  is closed.

It is easy to see that the existence of the commutative limit is ensured.

The main aim of this work is to develop a matrix Hamiltonian formalism
on a (torus) lattice quantum phase space using the noncommutative differen-
tial geometry of the matrix algebra M,{C) generated by a privileged basis.
We also give another conformation of the fact that quantum mechanics (QM)
can be understood as a (matrix) noncommutative symplectic geometry.

The paper is organized as follows. In Section 2, we recall briefly some
notions of classical symplectic geometry. In Section 3, we review the Weyl-
Wigner—Moyal formalism. In Section 4, we present the Weyl-Schwinger
realization of the Heisenberg group as an extension of the Abelian double
cyclic group Zy X Zy and discuss the importance of the choice of Schwinger
basis. It appears that one may study physical situations with various numbers
of degrees of freedom based upon the prime decomposition of N. We also
study the continuous limit N — . Considering the Schwinger basis as a
Fourier basis, one may easily see that quantization is deeply tied to the
Fourier analysis. In this context, we construct the discrete version of the
Weyl-Wigner—Moyal formalism and present explicitly the case of N = 2.
The apparatus of the noncommutative differential geometry of matrix algebras
is presented in Section 5. In Section 6, we describe our matrix Hamiltonian
formalism resulting from the use of the Schwinger basis, in complete analogy
with the classical case. Finally, Section 7 is devoted to some concluding
remarks and perspectives.

2. CLASSICAL SYMPLECTIC FORMALISM

Let us consider a dynamical system evolving in a classical phase space
M* = T*(B") with local coordinates € = (¢’, p;), a =1,...,2d,i,j = 1,
..., d, in such a way that they obey the fundamental Poisson brackets
(Guillemin and Sternberg, 1984; Abraham and Marsden, 1985; Amold, 1989):
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{qi7 qj}P = {piv pj}P = O, {qi’ pj}P = 8} (l)
which is compactly summarized as
{e?, Eb} = @® (2)

where the antisymmetric matrix o given by
0 = Ouxa  laxa 3)
—lyxa Ouxa
is the inverse of the symplectic matrix w,, i.e.,
W 0" = 82 4

In fact, w,, represents the components of the closed nondegenerate
symplectic 2-form w:

0 = To,de’ A de® = do = dp; A dg' (5

where 6 = pdq' is the canonical (Liouville) 1-form. This defines the Hamilto-
nian structure on the phase space M.

Indeed, with any smooth function H(q, p) = H(e) on M one associates
the Hamiltonian vector field

Xy = X}, (6)
where 3, = 3/d€’. The components X%, which are given by
Xl = (3,H(€) w® )
permit us to deduce the Hamiltonian canonical equations
€ = Xide) (8)

It is easy to see that the Poisson bracket involving two arbitrary functions
F(e) and G(e) on M is given by

{F(e), G(&)}p = —0(XFr, Xg) = w(Xg, Xp) = XH(G) = —Xg(F)

aF 3G oF oG
(8, F(€)) w*-(3,G(€)) = °d 0. 0. 30 )]
q' dp; dp; 9q

Hence, the set C™(M) of classical observables possesses the structure
of a Poisson-Lie algebra Ay = (C*(M), -, {, }p) equipped with two internal
laws, the pointwise product - and Poisson bracket {, }p, in such a way that
the Jacobi identity

{{F, Gle, h}p + ({H, F}p, Glp + {{G, H}p, F}p = 0 (10)

is equivalent to the relation
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[Xr Xcl = X(reip (11
and the Leibnitz rule
(F,G-H}p = {F,G}p-H + G-{F, H}p (12)
guarantees that the Hamiltonian vector field is a derivation:
Xr(G-H) = Xp(G)-H + G- Xr(H) (13)

3. WEYL-WIGNER-MOYAL FORMALISM

Let B = R? be a configuration space on which a one-particle system
moves and let M* = T¥(B) ~ R* be its associated classical phase space
(CPS) with local coordinates (g', pi)i,j =1,...,d The CPS is then
equipped with a Liouville 1-form 68 = p,dq’ and a classical symplectic structure
defined by the closed nondegenerate 2-form w = dp; A dq'.

The Weyl map consists in associating to a classwal observable
F(q p) € Ag = (C°(M), -, {, }p) a quantum observable Op(q p) acting as
an operator on the quantum mechanical Hilbert space L*(B), by means of
the following operator Fourier transform (Weyl, 1931):

- = 1 — = = =
9 ==y F 9
Or(q, p) am LM da db dp dq F(q, p)

x explila-(p —p) — b-@ — DI} (19)
where f; and a are the self-adjoint operators on Lz_(B) obtained by the corre-

spondence principle from the classical variables p and q. The operators p
and q generate the noncommutative fundamental Heisenberg algebra:

4.9l =[p.p] =0, [q' p] = ihd1 (15)
which is the quanrum version of the algebra (1). In fact, the quantum mechani-

cal Hilbert space represents the so-called quantum phase space (QPS).
The Weyl map

Fg.p) — O:(q, p) (16)

in invertible, i.e., there is a 1-to-1 correspondence between functions on CPS
and their analogs on QPS. In fact, the functions F(q p) which are often
called Wigner functions, are defined as ordinary Fourier transforms of the
so-called Wigner densities DF(a b) (Wigner, 1932):

F(q, p) = WLM da db De(a, b) explila-p — b-ql}  (17)
The Wigner functions F, which are o-numbers, are also calleg_i symbols
of the associated operators O (Berezin, 1980). If F (respectively F) denotes
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the usual Fourier transform (respectively the operator Fourier transform),
we get

Or = FIFT'[F]] = F[Dy] (18a)
F = FIDf) = FIF'[OF]] (18b)

The densities Dy include commonly Dirac deltas or/and their derivatives.
This is for the Weyl-Wigner transformation.

Now we will discuss the developments of this approach due to Moyal
(1949). It is well known that the differential geometric structure of a manifold
M is perfectly determined by the properties of the algebra 4, = C*(M) of
smooth functions on M. Hence, to describe correctly the classical Hamiltonian
mechanics one must study the symplectic differential geometry of the CPS,
or equivalently, the Poisson—Lie algebra Ay = (C*(M), *, {, }p) of commutative
classical observables on M.

Now, to describe quantum mechanics it is straightforward to think of a
noncommutative generalization of the above geometry. This idea was per-
ceived at the advent of quantum mechanics (Heisenberg, 1925; Born and
Jordan, 1925; Born et al., 1926), where this latter appeared as included in
the framework of a noncommutative version of the notion of Poisson manifold
(Dirac, 1926), which will represent the QPS.

In any case, the algebra A of quantum observables should be equipped
with two internal laws that can be compared with - and {, }p in A,. Since in
the statistical Weyl—Wigner formulation of quantum mechanics one does not
manipulate operators but their symbols, one may think of a twisted version
of the two internal operations of A,. The simplest choice consists in deforming
the commutative product - and the Poisson bracket { , }p into a noncommutative
product *, and a rwisted Poisson bracket {,},, respectively, by means of a
deformation parameter v such that, for a particular value v, of v, one has

lim F*,G = F-G (19a)
v
lim(F, G}, = (F, G}p (19b)
v

In our context, the deformation parameter is no other than Planck’s
constant A and the classical limit A — D guarantees the passage from the
twisted algebra A;(C*(M), *;, {,}s) to the classical one A,.

The first example of a star-product was given by Moyal (1949). Starting
from the Weyl map (16), consider the product of two operators OF(H, B)
and Og(q, p) and try to define the resulting (deformed) product of the
associated symbols F and G. Then, from
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Or° 0c(@, P) = Ou(@, P) 20)
and using (15) and the Glauber formula
eA ,eB — €A+B' e[A,B]/Z (21)

we get in terms of Wigner densities the following formula:

|

D", b") = G Lw da db DHa, b)-Ds@" — a,b" — b)
X exp{ih{a”-b — b"-al/2} (22)
Knowing that the product - is tied to the convolution product X by
F[F X G] = [F]-FIG] (23a)
or,

F-G = FI[F™'[F] X F™'[G]} (23b)

where
(F X 6 = G J dy F(3)-G(x — y) (230)

then it is possible to identify equation (22) with a twisted convolution product:
Dy = D¢ X4 Dg (24)

From equation (24), one naturally deduces a relation between the star-
product *, and the twisted convolution product X; analogous to (23b):

H=F*,G= F[F'[F] X; F7'[G]] (25)

The Moyal product is a star-product *; defined on the space C*(M, #)
of formal series in £ with coefficients in C*(M) such that

F*.G = F(g,p) ¢*™-G(q, p)
Z, Giky W
= T P'(F, G) = F(e)-expGifid ,07°d,) - G(e)  (26)

n=0 .
where 3, = 3/d€, € = (¢, pj)witha =1,...,2d,i,j=1,...,d, o is
the inverse of the symplectic matrix [see (3)] and P is an operator defined by
PYF,G) = F-G (27a)
P(F, G) = {F, G}p (27b)

P(F, G) = (—1)'PG, F) = (35, *** 80, F)- 0" -+ wn-(3,, -+ 8, G) (27¢)
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P(F,G)=0 forn >0 if For Gis a constant in C*(M, #) (27d)
> PYP™F,G),H)y= 3 PYF, PG, H)) (27¢)
n+m=¢ n+m=g
=0 =0

Equation (27e) expresses the associativity of the noncommutative algebra
C™(M, %). Moreover, it is easy to see that the Moyal product defined by equation
(26) satisfies the axiom (19a). In fact, by means of the precise choice (27¢) of
suitable forms of the bidifferential operators

P C*(M, £) X C*(M, ) » C*(M, #)

that satisfy (27a), (27b), (27d), and (27e), the Moyal product is completely
defined.
Now, to emphasize the Poisson—Lie algebra structure of (C*(M, #), *;),
one must define a deformed Poisson bracket {, }; obeying the axiom (19b).
The Moyal bracket is deduced from the commutator of two operators:

[OF, OGl(Q, P) =: ihO\r6),(q, P) = iKOK(Q, P) (28)
Then,

H(e) =: {F(e), G(e)}s

: :iﬁ [F(e) * G(e) — G(e) *» F(©)]

2n+1
2¢O (A
72 G D (2) PG

sin[g P(F, G):l

—

F(e)- sin(g 600)“”3,,) -G(€) 29)

S (N

It is clear that the axiom (19b) is fulfilled. Moreover, this deformed
bracket obeys the Jacobi identity:

{{F, G}, H}s + {{H, Fh,, G}z + {{G, H}s, Fl = 0 (30)

It also defines a derivation of the Poisson—Lie algebra (C™(M, £), *,,
{,}s) with respect to *;, i.e., it obeys the Leibnitz rule:

{F,G* H);, ={F, Gl * H+ G *, {F, H}; 31

Finally, one has the following correspondences:
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operator classical star-deformed

[ I . > *ﬁ

canonical quantization Weyl-Wigner—Moyal

quantization

._[y]IV {1}1’ 4 {’}ﬁ

4. WEYL-SCHWINGER REALIZATION OF THE
HEISENBERG GROUP

If we represent the Heisenberg group as an extension of the Abelian
double cyclic group Zy & Zy, then finite representations of this group which
are realized by two unitary operators U and V satisfying the basic relation

V-U=wU-V (32)

with @ a complex number, are obtained by taking N X N matrices for U and
V such that

UY = 1yxn = V¥ (33)
By taking determinants in (32), it follows that
© = exp[(ifR)Y2nhiIN)] = exp(i2w/N) (34)

For each integer number N, there is one realization of the Heisenberg
group. Let {lay), k € Z} be a basis of orthonormalized kets for the space
of states. Assume that the |a,) are eigenkets of the operator V:

Vi) = vlalv, = o (35a)

N—1
Vrloy) = ofla) = V7= Y o o)yl (35b)

k=0

Then U is defined by

Ulay) = laysy) (35¢)

N-1
Ul = logen) = U" = 3 logenio! (35d)

k=0

with

logsn) = log) (35e)

where the integers k, m, n are defined modulo N.
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These definitions ensure that U and V satisfy (33). In this basis, the
matrices V and U are given by

1 0 0190 0
® .
V= w? , U=
0 1
0 wM! 1 0 0

(35)

In any case, and independently of the choice of the basis, U and V obey
(33) and satisfy

VU™ = mym.yn (36)
Any element W of the operator algebra of the Heisenberg group can be
determined, up to a scalar factor, by a triple of integers (m, n, p) such that
W=UmViwP (37)

These monomials in U and V constitute a complete basis for all quantum

operators related to some chosen physical system. The above expressions are
invariant under the simultaneous transformations

U->y, Vo U, and m-on n——-m 38)

So, let us denote by Y,,, the operators that are invariant under this
symmetry:
Y,, = @™2Um- V" 39
These elements satisfy
Y{)n = V", Ymo = Um, Y()a = 17 Yl;r: = Y-l-:l-n = Y—m,—n
(40)

and form a complete orthonormal basis of the group algebra with the follow-
ing properties:
Associativity:

(Ymn ' Yl\'l) ) qu = Y-mn ) (Ykl ' qu) (413)
Quasiperiodicity:
YNn = ( - l)"Yum Y-mN = (_ l)mYmo (4 1 b)
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Two-foldedness:

Yw = (—DV1 (41c)
Power:

YomY = Yompn (41d)

In the basis { | o), k € Zy} where V is diagonal, the operators Y,,, take
the form
N-1
Ymn = mn(2k+m)/2 ' ak+m><ak l (42)
£=0

and its corresponding matrix N X N is given by

@ m 0 0 0
0 @MV mD 0 0
Omxin m) 0 0 @"N m+2) 0
Y, = @™ o o o 0 " D
0 o 0 0
0 0 mz" 0 O(N mXm
0 "V n
(43)

Although the operators U and V were introduced by Weyl (1931), it
was Schwinger (1960, 1961, 1970) who described quantum mechanics in
this formalism.

Any operator A belonging to the group algebra will be written in the
Schwinger basis {Y,,,; m,n =0,...,N — 1} as

1

A=N§wwm (44)
with complex coefficients
a™ = Tr[Y " A} = (Yn A 45)
and with
Tr[Y n] = N8O (46a)
Tr[A] = a” = A*° (46b)

Tr[A*-A] = D, la™|? (46¢)
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Here, the trace defines on the operator algebra an internal product
given by

(A, B) = Tr[B*-A] 47)

and consequently the metric follows as
g(mn)(rs) = ]lVTr[Y;n 'Yr.\'] = 8mran.r (48)

In this metric, the complete symmetrized basis {Y,,,} is orthonormal.
Then, the set of operators forms a metric algebra with unity.

Henceforth, we will use a more compact notation such that for m,, m,,
ny, ny, ... € Z, one has

— - 5 (493)

m = (mh mZ)’ n = (nlv nZ)’ o = (07 0)

m+n = (m + n;, my + ny), Z-Z=mln, + mon,
and,
mXn =: mn, — myn, (49b)
Then,
Y; = w™m2ymi.ym (50a)
Y;=1, YZ'=YI=Y_ (50b)
A= %Eaﬁ“Yﬁ, a” = Tr[YE- Al (50c)
1

Gmn = ;,Tr[Y,?'Y;] = & (50d)
nn 8m|n| 'Bmznz (506)

For each value of ¥, the operators Y;; realize a representation that makes
use of a two-cocycle a,. Occurring frequently in quantum mechanics, these
representations are called projective representations and the operators Y;; in
them obey a generalized composition law:

Y;-Y; = (expliag(m, M1} Y7+ Y; = {explicy(m, M1} Y;ss  (51)

with

o, n) = T m X = —ay, m) (52)
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In general, any two elements W, = U™ - V"w?! and W, = U"2- VM
will satisfy the following Heisenberg group defining relations in terms of
triples:

(my, ny, p1) * (my, ny, p) = (my + my, n, + my, py + p (53)
+ 3(myny — myny))

From the associativity property (4la), we get the following consis-
tency condition:

Ac, = ax(n, p) — ap(m + n, p) + ax(m, n + p) — ay(m, n) (54)
=0 (mod(Z))

Quantum mechanics also makes use of the one-cochain. Indeed, the
action of the operators Y;; on a state I o) is given by

Y7l = {explici(k; m)]} | Grm,) (55)

with
— m™m-,
ok, m) = T’ 2k + my) (56)

It turns out that the so-called fundamental cocycle a; is given by
o = Aoy = otk + nym) —atkm +n) + akn) (5T

where A is a nilpotent derivative (coboundary operator) of some cohomology
giving information on the projective representation under consideration
(Aldrovandi and Galetti, 1990).

In fact, it has been shown in Aldrovandi and Galetti (1990) that o, and
a, given by (56) and (52), respectively, result from the action of algebraic
cochains on the group elements

a,(k; m) = ay(k; Yz) (58a)
ax(m, 1) = ax(k; Y, Y;) (58b)

The nilpotent derivative A is defined on such cochains. Thus, if o, is exact,
ie, a; = Aag with o some 0-cochain, a; may be eliminated by adding a
phase a to the wavefunctions. When a, is exact, it may be eliminated by
redefining the operators in such a way that they appear state independent. It
turns out actually that a, = Aq, [see (57)], so that Aa, = 0 [see (54)]. This
means that a, is a 2-cocycle called the fundamental cocycle. It is clear from
(52) and (56) that o, depends effectively on the state label k, while o, does not.

Moreover, the fundamental cocycle will define a simplicial symplectic
structure on the lattice quantum phase space (LQPS) analogous to the classical
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one on the usual CPS, while the 1-cochain a; will play on LQPS the role
of the Liouville canonical form 6 on CES. In fact, LQPS is the lattice torus
described by the double integer index m = (m,, m,) that label the operators
belonging to the Schwinger basis {Y;;}, and in which the area of each
elementary lattice is equal to 27/N, tending to zero when N — =,

Therefore, the translations resulting from the action of the operator
Y;; on LQPS may be interpreted as unit multiple elementary gaps in the two
basic directions (U, V).

The choice of the symmetrized Schwinger basis {Y;;} for the Weyl
realization of the Heisenberg group is based essentially on its many remarkable
properties, such as the following:

First, for N = 2, the Y;; reduce to the Pauli matrices [see (43)]:

1 0 01
Y00=(0 1>=1=0'o, Y|0=<1 0>=G'

0 —i 1 0
Yn:(i 01)=0'2, Ym:(O _1)=03 (59)

For N = 2, the Schwinger basis is a preferable basis admitting additive
quantum numbers. It provides the finest grading of the Lie algebra gi(N, C)
(Patera and Zassenhaus, 1988). Second, there are many helpful relations,
such as

%,Z ‘A-Yyx = (Tr[AD1 (60a)
]% 3 km=m = g (60b)
k
Nl_ 2 2ioakjm 1) — 8_77.'7 (6OC)
3

Third, because of the two-foldedness property (41c), the Y, constitute
a double covering mod(¥) of the torus, with (m;, m,) playing the role of
coordinates mod(). Here U™ and V"2 may also be seen as global coordinates
with values in Zy @ Zy appearing as noncommutative point functions because
of the projective character of the representation. It was shown in Aldrovandi
and Galetti (1990) how closed paths on LQPS lead to open paths on operator
space and how this fact is related to noncommutativity.

Fourth, one may study physical situations with various numbers of
degrees of freedom following the value of N. For instance, when N is a prime
number, the pair (U, V) describes one degree of freedom taking on N possible
values. If NV is not prime, then it is a product of, say, d prime numbers:
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N=N X XN X XN, (61)

and the Schwinger basis becomes a product of d independent subbases, one
for each prime factor, that is, one for each degree of freedom:

(Yo} = {@™2U", V")

d d
= ® (Y} = @ (wprum- v (62)
j=1 j=1
where m,n =0,1,...,N—landm;,n/ =0,1,..., (N, — 1), and
w; = expli(2m/N;)] (63)

This result implies a classification of the quantum degrees of freedom
in terms of prime decomposition of N. If we want to work with two or more
degrees of freedom, we must use for N a well-chosen nonprime value.

Fifth, the usual situation of the position @ = (q', ..., q9) and the
momentum p = (p, ..., Py) operators is recovered if we choose

Youi = V" = expli2u/fiN;) ?ni - p;) (64a)

Yoo = U™ = expli2n/hN;)"*m;- ¢'] (64b)

Jj=1,...,d Then, using the defining commutation relations of the Heisen-

berg formulas (15) and the Glauber formula (21), we find for equation (62)

12
2 . )
Yo = exp[i > (ﬁ) (n/-p; + mj-q’) (65)
J

J

where we have used the following compact notation:

p = (m,n) (66)

withm = (my, my, ..., my)and n = (', n?, ..., nd).
To pass to the continuous case, it is sufficient to take to infinity the
torus radii, while N > « ifd = l,or N; > o withj=1,...,d when N

is not a prime number (d > 1). We define this limit as follows:

Qw/AN) 2ni —> af (67a)
N
Qu/AN,)) 2m; —> —b; (67b)

N
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so that
mindf2 —lﬁ j
"’ — exp| —— a’- b; (67¢c)
Nj-—)w 2
U™ — U(b;) = exp(—ib;- q’) 67d)
Nj—
v —, V(a’) = explia’-p;) (67e)
Ny
Yy — Y(a b) = exp[z(a p -b- q)] 67f)
all Nj—o0
where g = (@', ..., a’, ..., a%) and b = (b, ..., bj, ..., by) are some
constant dual vectors characterizing translations
qoq-+ta (68a)
pop+bh (68b)

affected by the operator Y(Z 7;) on the 2d-dimensional phase space, which
is a Hilbert space corresponding to the true guantum phase space (QPS).

The elements Y(a, b) obey a generalized composition law analogous
to (51):

Y, d)- Y@, b) = explios[(@, b); (¢, d)}Y(@ + ¢, b +d) (69)
where

wl(a, b); (¢, d)] = ay[Y(@, b); Y(¢, )]

=-§(Z,B)><(2,Zi)
=’—2i(2-71 - b-0) (70)

Here, one must make the following remark. The 2-cocycle a, given by
equation (52) enables us to define the so-called simplicial symplectic structure
on the lattice quantum phase space (LQPS) in analogy with the ordinary
symplectic structure on the CPS. It also reduces to it in the classical limit.
As for equation (70), it gives its continuous analog, which enables us to
define the true quantum symplectic structure on the quantum mechanical
Hilbert space (QPS).

Sixth, the Schwinger basis may also be considered as a Fourier basis
and then becomes fundamental for the Weyl-Wigner map:
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0:(q,Pp) = J . da db DHa, b)Y(a, b) (71)

1
Qw) |,
where DF(Z, Z) is the Wigner density associated to the symbol F(Z, ;) of
the operator Or(q, p).

This shows that quantization is deeply tied to Fourier analysis, since
any operator is given as a Fourier expansion.

Notice that the phase o, in (69)-(70) plays the role of a quantum
correction, which is expressed in terms of the classical Poisson bracket
[see (9)]

ﬁ—»—v - = >

aﬂa&(c%y-{-p—hmcﬁ—ﬁﬂh (12)

Here, the functions F(Z;, ;) and G(Z}, ;) under consideration are the simplest
linear functions on QPS.

Generalizing (44) or (50c) for d degrees of freedom, we define any
element A in operator algebra by

= Ni 2 a Yy (73a)
i
with
Tr(Y;) = N¥8z5,  Tr[A]l = &%  a* = Tr[YZ-A] (73b)

For any operator A, one can define its continuous analogy by taking the
following continuous limits:

aF — Dr(a, b) (74)
1 .
-3 7
NI 2352 Gy LM da db (75)

Then, the operator expansion (73a) appears as the discrete version of
the operator Fourier transform (71):

lim A = Ox(p, q) (76)
N—o»

In order to define completely the quantum symplectic structure on QPS,
we must first consider the product of two arbitrary operators A and B with
coefficients a* and ¥, respectively, and then take the continuous limit.

We may also use a more compact r notatlon for the above expressions in
analogy with that used in Section 2. Lete = (q p) be a set of local coordinates
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on the CPS [see (2)], € = (q, p) its analog on the QPS, & = (a, b), and
B = (c, d). Then, for instance, (67f), (69), (70)—(72), and (71) read

Y(a) = explia X €] (77a)

Y(B) Y(@) = explicla; B} Y@ + B) (77b)

az[&’;B']=§&’xB'=g{a’xE,§xZ}p (77¢)
- 1 — — —

Oc(e) = (—211_—)‘! L}d da De(a)Y(a) (77d)

Now, the product of two operators is given in the discrete and the
continuous versions, respectively, as follows:

1
=Nd2 za pY;- ——c=1702 (78)
O ° Ogl€) = a )2,, f do dB Dr(e)- D6(B)Y (@) Y(B)
= Oy(€) = (21 7 f do Du(0)Y(o) (79)

_Then, the discrete Wigner density ¢® and its continuous analog
D,.,((r) are given, respecuvely, by

& = 5 B a BT explionp: B (80)
I

Dy(0) = de Dp(a)-Dg(@ — ) explian(a; @)]  (81)

I
2m)?
In general, a twisted convolution product X, is defined by [see (22)]

(fX,8)(0) = —— | da f(a)-g(o — a) exp zzo' X a (82)
(2m) 2

Then, in (81) we have a twisted convolution product with a deformation
parameter v = f characterizing a “quantization” such that the classical
situation is recovered when # — 0.

As for (80), it describes also a twisted convolution product with a
deformation parameter v = 2w/N expressing a “discretization” such that the
continuous analogy is recovered when N — .

Using (25), one may deduce from the twisted convolution product X,
between Wigner densities a star-product *, between symbols.
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Knowing that az[c_;; Z] in (81) is given by (77c), then we can define
the resulting star-product *; by

F(€) *; G(€) = F(€)-G(e) + i% (F(E), GE))p + - (83)

The resulting algebra equipped with the star-product *; becomes non-
commutative. Assumed to be stable under *;, this algebra will concern only
functions having compactly supported Fourier transforms such that this star-
product may also be defined as the converging expression

4 l _’I -'II —'I _’II
F*;, G(E) = Wjde de F(E )G(E )
X exp{ifile X €” + €" X €' + €' X€el2}  (84)
which is easily deducible from (25) and using the Dirac delta

l — - —
d f = g
G f o e ® (85)
Before defining the star-product *y, we need to define the “symbol,”
say f(§) of an operator A (we will denote it Asin analogy with Of). In other
words, we need to define the discrete version of [see (17)]

F(e) = ( 21 T J do Dr(@) exp(ia X €) = FIDf](€) (86)

The problem here is that Fourier transforms are expansions in unitary
irreducible representations and in our case we have projective representations.
Recall that, in order to have a Weyl-Schwinger realization of the Heisenberg
group, one needs to perform an extension of the Abelian double cyclic group
Zy @ Zy, so that the truly unitary representations would be actually related
to Zy ® Zy and not to the Heisenberg group.

Knowing that the discrete Wigner densities always convolute in a twisted
way with a deformation parameter v = 27/N [see (80)], we may use now a
unitary representation and define the discrete version of (86) by

fE) = anxf Fla)(®) (87)

where§ (r,5) e Zy® Zn, 7 = (ry, 1oy ... s T, 5= (Y s, s,
b= (m n) [see (66)], w is given by (34), and f(f;) may be viewed as a
function on (the Fourier dual of) LQPS (Aldrovandi, 1993).
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The inverse of the discrete Fourier transform (87) is then defined by
at = — Ef@w-“xg = F7IAIw) (88)

Moreover, if A;is Hermitian, then (a“)* = a™* and the symbol fis real.
In fact, the relation [see (73a)]

A= ng 2 Yy = Fla] (89)

n
represents the discrete version of the operator Fourier transform (77d), so

that one has [see equations (18)]

Ar= FIF7'[f]] = Fla] (90a)
f = Flal = FIF'[Af]] (90b)

and from (78), (80), we recognize
Ch = Ao B, = FIF'[h]] = F[F'[f1 Xy F'[g]] (90c)
h=f*vg=FIF'[fl Xy F7'[g]] (90d)

Before treating an example of this discretization by deformation for the
case N = 2, let us study the commutators of operators from which one may
deduce the deformed Poisson bracket {,},. The commutators

[Y;, Yz] = 2i sin(aq(i; ) Yiss (91a)
[Y(®), Y(@)] = 2i sin(ay(a; B]) Y@ + B) (91b)

generalize, respectively, to
1 T
[A, Bl = -5 243 2 @65, Yi]
v ®
=i—C="——=>cY; (91c)

[OF, OGl(€) =

(2 )deO' DH(O')Y(O') 91d)
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where

. N 1 SiEoF = =
= ;N_‘ivza bP™ sin{aylp; v} Ole)

Dy(o) = gwjdﬁ Dr(B)Dg(a — B) sin{ay[o; B]} (91D

represent now the Wigner densities corresponding to the discrete and con-
tinous versions, respectively, of the Moyal bracket {, },, which is defined in
general by

1
{ﬁg}v=i—v(f*vg—g*vf) (92)

In the continuous case, the deformed bracket is no other than the Moyal
bracket defined in Section 2 [see (28)—(29)]:

H(E) = {F(€), G(€)}x

1 - - - -
=7 {F(e) *1 G(e) — G(e) *; F(e)}

= % sin(g {F(€), G(E)}p) (93a)

with the classical limit
}'in;{F(Z), GE)}s = {F(€), GE)}p (93b)

The Moyal bracket (93a) can also be defined by the following converging
relation [see (84)]:

2 1

- - - — - ﬁ - - -
= = ! n ! n M — x n + ”n
H(e) Z —(2ﬁ)2dj de' de”" F(e')G(e") sm[2 (e X e € (93¢)

- - -
Xe'+e'Xe)]

Using (80) and (87), one can define the discrete versions of (84) and
(85) as follows:
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L S G = 7.0 (94b)

Let us remark that (94b) is a generalization of (60c). Now, one may
derive the deformed bracket {,}y either using (91e) or directly from (92)
and (94a) in analogy with (93c):

h(E) = 2 P Ef(i-. )g(E") sm[ EXE+E XE +E X E)]

(94¢c)

Finally, let us treat the case N = 2. Here, we are dealing with Pauli
matrices o, = Yy, 05 = Y|, and o3 = Y, [see (59)] with one degree of
freedom (d = 1). Using (41b), one may easily see that [see (51)]

[Ynm'_n lemz] =2i Sin[_g (man - man)] Ym|+n|.m2+n2 (95)

reproduce exactly the su(2) algebra
[0i, 0] = Zzeu T (96)

Then, it results from (44) that the coefficients a™ (Wigner densities)
corresponding to o, 05, and g, are, respectively,

a, = 25" (97a)
a, = 28"3" (97b)
ay = 28708 (97¢)

The associated symbols are given by [see (87)]

H=ée™ (98a)
fr= €™ (98b)
= (98c¢)
Using (80), we find the different twisted convolutions
a; X, a; = 284232, a; X, a; = 284%™k =2 (99a)
a; X, ay = 28%1§2emk=012, az X, a; = 20k'82em2 (99b)
ay X, a; = 28415162, a, X, ay = 28k1%!1 e~ (99¢)

Using (90d), (87), and (41b), we find the different star-products
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hH* A=l AH* H=-if (100a)
L* A=, A% L= (100b)
L% i=ih L% A= (100c)

Finally, the deformed brackets become [see (92) or (94c)]
2
{fi,fj}z = ; Eijfk (1o1)

It is easy to see that the bracket {,}, obeys the Jacobi identity (30).

We remark here that the symbols redefined as F; = inf; will satisfy the
same su(2) algebra with the deformed bracket {,}, as do their associated
operators o; with the commutator [,] [see (96)].

This simple example shows how the Schwinger basis {Y,,,} describing
a quantum lattice two-torus may be viewed as a set of generators of some
noncommutative associative algebra equipped with a star-product and defined
on the ordinary lattice two-torus.

In the general case, the relation (87) represents a Fourier expansion in
the basis {w* K€ = exp(z(2'rr/N);.L X §)} of functions on the lattice torus.
From (73a), one may associate to a given Schwinger generator Y; the Wig-
ner density

a* = NYPE = Nagfmgln = Nndgkimi ... ghama. §l'n' ... gt

where[;.’ (m.n).v = &D.m=(m.....m)n=(n .. nk=
(ky, ..., kg), and [ = (I, ..., I%. The associated symbol is then given by
f(g) = o *€_Itis remarkable that the Wigner functions (symbols) correspond-

ing to the basic Schwinger operators are just the Fourier basic functions.
Moreover, to the product Y7 Y5 of two generators of the Schwinger basis
will correspond the Wigner densuy c® = N4§¥P Heiaabw) and, if we denote
the symbols associated with Y and Y; by f, and f,, respectively, we obtain
the twisted products

fu*n filf) = elalilptnE (102)

and the deformed brackets
(E. LB =2 sin(—“ﬁ v X E) w9 (103)
m N
Furthermore, one may deduce from (69) the following relation:
Y@, d)-Y@,b) = ¢*P*¢DY(a, b)- Y(c, d) (104)

where
g =e* (105)
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such that ¢ — 1 when # — 0. Choosing (Djemai, 1992)
a=d=u, b=c=o (106a)
where « is some unit vector, we get
Yo, u)- Y, 0) = qY(u, 0)- Y (@, u) (106b)

which coincides with the defining relation for the Manin plane (Manin, 1988).

In the discrete case, the formula analogous to (106b) is no other than
the basic relation (32), with ® = ¢?*™V — | when N — . Finally, it is
important to point out that the LQPS is a space with a matrix structure and
this leads us to use the formalism of matrix differential geometry (Dubois-
Violette, 1988, 1990; Dubois-Violette et al., 1989a,b, 1990a,b).

5. MATRIX DIFFERENTIAL GEOMETRY

For a general review on the subject, refer to Djemai (n.d.-c). Here we
present a brief summary of this formalism.

Let M\(C) be the algebra End(C) of all endomorphisms of C", i.e., the
set of complex N X N matrices, N = 2. Then M,{(C) is an associative
noncommutative C*-algebra with unit 1. Let {E;}, k e I = {1,2,..., N?
— 1} be a basis of self-adjoint traceless N X N matrices. Then, {1, E;} is a
convenient basis of M(C) consisting of Hermitian matrices. One has the
following multiplication table:

E E =Kyl + (SZ} - é C;{;)E,,, (107)
where K, are the components of the Killing form of su(N) given by
Ku = K = 5 THEE] (108)
The coefficients CJj correspond canonically to structure constants of
su(N), i.e.,

liEw iE)) = CE(E,) (109)

Here, we are not interested in the notion of the manifold itself, but only
in the algebra of functions. Actually, our functions are no other than the
matrices 1, F;, and C-linear combinations.

Let Der(M,(C)) be the algebra of all derivations of My{(C) in itself:

Der(MMC)) = {x € EndMC)/X(E-F) = X(E)-F + E-x(F),
VE, F € M\(C)}
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Since all the derivations of M,(C) are inner, it follows that the complex
(resp. real) Lie algebra Der(M\(C)) [resp. Derg(Mp(C))] reduces to the Lie
algebra si(N) [resp. su(N)]. The basis {e,} of all derivations of M(C) is
formed by the adjoint action of the generators {E.}, k € I, of su(N) =
Derg(My(C)). Then, there are only N2 — 1 independent basic derivations e,
defined by

e, = ad(iEy) (110)

such that
lew, &) = Clien (111)
e(iEp) = [iE, iE)) = CH(E,,) (112)

Then, any element x of Derg(My(C)) will be written as
X = X'e (113)

and contrary to the commutative case, Der(My(C)) does not form a My(C)-
module, i.e., a derivation multiplied by a matrix is not a derivation.
Furthermore, it is shown that the smallest differential subalgebra
QpeMMC)) of the complex C(Der(My(C)); Mp(C)) which contains M(C)
is the complex itself.
Any p-form a, € Qb (M\(C)) is a p-linear antisymmetric mapping:

apl

[Der(M{(C))]? — M(C)
(Xl’ X2» "'7Xp)_)ap(le X2 - - Xp) (114)
and its differential da, € QRENMMC)) is defined by
dap(x07 Xis -« -5 Xp)
p k
= kZO (=D (X0 - - - s - o s Xp)

+ X DX Xsls X0r v e e ea e ooy Xp) (1150)
O=r=s=p
k
for xo, ..., X, € Der(M){(C)) and . means omission of x; such that
d*=0 (115b)
dE(x) = x(E) = ad(iFXE) = i[F, E] (115¢)

forany E € My(C) and x = ad(iF) € Der(Mn(C)) with F € M(C) [see (110)].
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The action of the inner product i, and the Lie derivative L, on p-forms
a,, is defined as follows:

BO(X1s - Xp=1) = (X Xis - - 0 Xp= D (MMC)) = 0 (116)
and
L, =id+ di, (117
such that
L(E) = x(E) forany E € M\(C)and x € Der(My(C))
(118a)
a, is called invariant if L,(a,) = 0 for x € Der(M(C))
(118b)
iy iy T iy, = 0 (118c)
Lyiy, = Ly, = lixxa (118d)
Ly, Ly, = Ly, Ly, = Liy,xy) (118e)

Now, in order to construct the whole graded vector space Qp.(M(C))
of matrix forms we use the differential d as defined by the relations (115)
and the exterior product. Firstly, define the space Qb (Mp)C)) of matrix 1-
forms. Let {6%}, k € I = {1, 2, ..., N> — 1}, be a basis of 1-forms dual
to the basis {e,}, m € I, of real derivations [see (110)], i.e.,

(e, = 81 (119)

By definition, Qb (MMC)) is a module over Mp(C), i.e., one may also
define the forms

E,0* = 0‘E,, (120)
such that [see (109), (110), and (115¢)]
dEe;) = ¢;(Ey) = I[E};, Bt} = CRE, (121)
which means that [see (119)]
dE, = —CLE, 9 (122)

This relation can be inverted to yield
ok = —# K™K"E,E,dE, (123)

Now, the Grassmannian structure on {p.(M,(C)) is introduced as usual
by defining the exterior product on the basis {6*}:
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B A 0™ = —0™ A BF (124)

Let us remark here that, in general, we could have chosen as a basis of
1-forms the set {dE\}, k € I, but the latter leads to problems due to the
following noncommutativity properties:

E\(dE,) # (dE,) E; (125a)
dE, A dE,, #+ —dE,, A dE, (125b)

when the basis {6*} possesses the good properties (120) and (124).
Using the relation (115a), one obtains the important identity

dok = —LCkB7 A 09 (126)

which is the analog of the Maurer—Cartan identity on the group manifolds.
The relations (107), (120), (122), (124), and (126) give a presentation
of Qp.(M\(C)) associated to the basis {E,}.
The element 6 of Q). (MM C)) defined by

0 = E0¢ (127)

is independent of the choice of the E,. In fact, one has
0(ad(iE)) = E — %Tr(E) 1 (128)

with E € Mp(C). Furthermore, 0 is invariant and any invariant element of
QL. (MC)) is a scalar multiple of 6. This 1-form is called the canonical
invariant element of Qb (M (C)). Using it, we obtain for equations (122)
and (126)

dE = ([0, E] forany E e My(C) (129)
d(—i8) + (—i8)> =0 (130)

respectively.

Many more things which we shall not need here may be introduced on
matrix spaces, such as involution, integration of p-forms, canonical Rieman-
nian structure for M,{C), Hodge-star operator, coderivative, Laplace—Beltrami
operator, Hodge—De Rham decomposition, connections and their curva-
tures, etc.

For instance, the integral of an (N> — 1)-form may be defined using
the trace,

jEOIAezA"'AONZ_l = Tr(E) (131)
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We conclude this section by presenting very succinctly the example of
N = 2, where the basis of M,(C) is formed by the 2 X 2 unit matrix 1 and
the Hermitian traceless 2 X 2 Pauli matrices a;, j = 1, 2, 3 [see (59)].

In this case, one has

Oy 0 = Oyl + i€fo,,

Ky = 3y, Ch = Cum = —2€4m

S =0, e, = ad(io,), Gk(e,,) = 8,’;1 (132)
and
a0’ = 0o, (133)
A0 = —0 A6 (134)
do; = 2€fic,0' (135)
de* = ef,,,ep A B9 (136)

The relations (132)—-(136) give a presentation of {dp..(M,(C)) associated
with the basis {o;}.

6. QUANTUM (MATRIX) SYMPLECTIC FORMALISM

Our approach consists in formulating the Weyl-Schwinger realization
of the Heisenberg group (see Section 4) in a matrix context and adapting it
to the formalism of the matrix differential symplectic geometry presented in
Section 5.

The Schwinger basis {Y,,,/m,n =0, 1,..., N — 1} given by equation
(39) may be considered as a basis of the matrix algebra M,{C) consisting of
Hermitian matrices. Excluding the unit matrix Yy, the Y,,.s are N> — 1
unitary traceless N X N matrices and may be viewed as a basis for su(N).

Then, the relation (44) gives the expansion of any element of M,(C) in
the Schwinger basis {Y,,,}. The multiplication table of these basic elements
is given by the generalized composition law (51). Here the numbers m and
n are defined modulo N. From now, we will use the compact notation given
by equations (49).

Let us first deflne the Lie algebra of derivations of M,(C) relative to
the basis {Y,;/;z’ # 0}. Define the basic derivations as given by equations
(110) and (112), i.e.,

en = ad(Y;) ez (X;) = (Y, Y51 (137)



Quantum Mechanics as a Matrix Symplectic Geometry 547

Using
[, Y7l = —2i sin{oa(m, m)} Yrsi (138)
and the Jacobi identity
(Yo (Y7, Y511 + op. =0 (139)
one easily find that the basic derivations e,; obey the following relation:
le, &1 = —2i sin{oa(m, m)) ez 7 (140)
Comparing with equation (111), we get the following structure constants:
C- = —2i sin{ay(m, n)} 82, (141)

where the Kronecker symbol is defined by equation (50e).
ye lel now compute the Killing metric for su(N) relative to the basis
{Ym:/m # 0} by using

Tr[ad(A)-ad(B)] = 2N Tr[A-B] = 2 _2 Kzza™b" (142)

m.n

where A, B € M\(C). It results from a direct computation that K;;; is given by
1 . -
= T et Gl 143
Kmn 2N2 % Cmr ns ( )
Using equation (108), i.e.,
77 = o THYY;) (144)

the relation (138), and the property (46a), i.e.,
1

N Tr[Y;] = 855 (145)
we find that the Killing metric is given by
Kai = 85 (146)

Remark that the metric g;;; defined on the operator algebra by equation
(48) is now tied to the Killing metric by the following relation:

&uin = K -7 = 055 (147)
for 2 n#0.
_Itremains to determine the general expression of the symmetric quantity
SE~. Using the relation
+Yr- Y7 + Y2 Y5 = Kl + SE_Y; = cos{ax(m, )} Y

mn P

(148)
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it follows that all the quantities S,‘%; identically vanish:
St = —287.55 0 =0 (149)

since the indices m, n, and p are defined such that the vanishing index 0
is excluded.
We finally obtain the following multiplication table:

Yz Y = explicy(n, m)] Y7
= Kl + (S5 +3C5)Y;
= 87751 — i sinfou(m, n)} 8 2Y; (150)

Let us introduce now a basis of 1-forms, denoted by 67, dual to the
basig of derivations {e;} [see the relation (ll_9)]. Of course, the indices m
and n are always defined such that the value O is excluded. Then, we have

87(e7) = 871 (151)
such that the 67 satisfy the following relation:
07 A 07 = —07 A 0" (152)
Since QL. (M{C)) is an My{C)-module, one also has
Y-0" = 6"Y; (153)

It is also easy to see that
dYq (&) = (Y7) = [Y;, Yal
= —2i sin{ay(n, m)} Yiui = C2-Y;5 (154)
so that

dYy; = =Y CL-Y;07 (155)
np
Using equations (124), (115a), and (141), one finds
7 1 T05 A 07
o™ = —= 3 Gt A 07
Py

= —i Y sin{ay(m, q)} 87 A 677 (156)
q
Then, equations (150), (152), (153), (155), and ( 156)_give - a presentation
of Qp(MMC)) associated to the Schwinger basis {Y;/m # 0}.
The element 6 € Qb (M(C)) defined by
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0= Y;06" (157)
m )
will be called the canonical 1-form. As expected, this 1-form plays the role
of the Liouville 1-form and its differential, the 2-form

Q= -do (158)

will represent the quantum (matrix) symplectic 2-form. It is given by

Q=1 —0" A0 = —%Cé; Y;0" A 07 = Y;d07
=i Y sinf{ay(m, n)}Y;70" A 67 (159)
man

Then, the quantum symplectic matrix ;7 is an (N2 — 1) X (N2 — 1)
antisymmetric hypermatrix whose entries are the N X N Schwinger matrices:

w7 = ~CEY; = Y7, YR = (Y7) = —O (160)
Using equations (160) and (50c), we find the following relations:
) = = 3 O (161)
(A, B] = %ﬂl > a" Qb (162)
mn
dY; =Y 050" (163)
dA = %_2 a" O (164)

mu

__ The hypermatrix (377 has an inverse which is defined as a hypermatrix
A" satisfying the following properties:

N7 = N = 81y (165)

In order to determine it, one must first define the inverses Y™ and
K™ of the Schwinger matrix Y;; and the Killing metric K, respectively.

The Killing metric, which may be used to raise or to lower indices, has
an inverse defined by

K Kz; = K K™ = 8F (166a)
K o= il (166b)
and the inverse Y” is defined such that

Y = KkY;  and Yz = KY' (167)
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so that the Y™ are just the Hermitian conjugates of Y; [see equation (40)]:

Y'=Y ;=Yy=Y3 (168a)
Yr =Y = (Y = (Y")! (168b)
Let us remark that equation (60c) may be rewritten in this context as
2 explioa(m, n)] = N25;5 — 1 (169)
m#0

__ Using equations (143) and (150), one verifies that the hypermatrix
A" that obeys equation (165) must be of the form

AT = LYY = o KPR Y (170)
Notice that this hypermatrix is not antisymmetric. Indeed, one has
N7 = exp[2iay(n, m)] A" (171)
Equation (155) [or (163)] can be inverted to yield [see equation (123)]
0" = AmdYy; = Nl_i Y- YidYy; = 1\12 K"K=Y: - YidY;  (172)
Finally, if we consider N = 2, with T = (1,0), 2 = (1, 1), and 3 =
(0, 1), we obtain

0 oy —O, I 1 —igy 0,
Q=2 —05 0 o, |, A=~ | oy 1 —io,
g, —o 0 4 —io, i0y 1
(173)

Furthermore, one may also verify that the quantum canonical 1-form 0
defined by (157) is effectively the basic invariant element of Qb (Mp(C)).
Indeed, for any vector field x € Der(M\(C)) given by

_l g
—Ngx (174)

one has

Zl-

i(8) = 800 = % 2 X" Yx (175a)
di(8) = d[B(x)] = N 2 XYy

L s g = —1 7 ep
N"—% O DR CL-Y;07 (175b)
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and

id(8) = —i)(Q) = —3 3 Qrriy(8™ A 67)

m

= _71_2 X" 070" = Al/—ﬁ% X" CE Y8 (175¢)
so that, for any ¥ € Der(My{(C)), one has
L,(8) = [i,d + di,](8) =0 (176)
Moreover, it is easy to see that
L)) = —L,(d8) = —d(L,(8)) =0 177

and consequently all vector fields x are said in the classical terminology to
be strictly Hamiltonian or globally Hamiltonian (Guillemin and Sternberg,
1984; Abraham and Marsden, 1985; Arnold, 1989). This means that to each
vector X € Der(My(C)) will correspond an element a = dA of
Qhe(MMC)) such that equation (177) holds, and conversely, to each 1-form
dA one associates a Hamiltonian vector field x, such that i,,(} = dA, where
the components xi of x4 in the basis {e;)} coincide with the coefficients
a™ of A in the Schwinger basis.

Hence, operators of the form 6(x) play the role of generating functions:

dl0(xD1(x2) = Ux1, x2) = —d[6(x2)](x1) (178)

for any x,, X2 € Der(M,(C)).
Equation (137) was chosen rather than equation (110) to be in conformity
with the results given by equations (91c) and (9le) ford = 1, ie.,

2T 2mi 1 -
=|—C=—= E cY;
(4. Bl =i N N N

. N1 — .~ - —
=c = ; Nmzambr m SID[QZ(’.7 m)] (179)

In analogy with the classical case, the corresponding quantum (matrix)
Poisson bracket is then defined by

{A, B}, =: QUxa: X4) = Xa(B) = —x5(A) (180)
As expected, this matrix Poisson bracket is just the commutator

1 —
[4, B = — 3, a" Ot

mn

{A, B},

—; 2_“ C= ’2 S @B sinfay(r, m)]Y; (181)
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and we can read the discrete version of the Moyal bracket components [see
equations (91c) and (91d)].

Thus, the quantum (matrix) symplectic 2-form ) defined in the context
of the noncommutative differential geometry of matrix algebras M\(C) gives
directly the discrete version of the Moyal bracket.

In other respects, it is easy to verify that the Jacobi identity

[A,[B,Cll+cp=20 (182)
is equivalent to the relation
[xa» x81(C) = X(A.Bl,,,(C) = —x{A, B}n)
= dC(Xa.8,) = —d({A, B}.)(xc) (183)
for all operators A, B, and C. In particular, we have
len, &1(Y9) = —¢;({Ya, Yzl
= dY;([ez, &]) = —d({ Yz, Yz1n)€) (184)

We deduce from equation (183) that the matrix Poisson bracket plays
the role of the generating function of the Lie bracket of the corresponding
Hamiltonian vector fields. .

One may also introduce the antisymmetric hypermatrix {¥"" defined by

Qi = K?;FK;;J’(’){; - [Y)T’ Y’r?:'] = NZ(AF:':? _ Ar?n_{) = —(pm
(185)
In order to complete the analogy with the classical case, we give here

the quantum analogs of the classical relations (6)-(7), (9), and (12)-(13),
respectively:

1 - -
Xa = n2Xie XA =d" =GN (186)

{A, B}, = [A, B] = —Qxa» X&)
= xa(B) = —Xa(A) = ez (AN e;(B) (187)
and

Leibnitz
{A,B-C},,={A,B},-C+ B-{A,C}, =

rule

Xa(B:C) = xa(B): C + B-Xa(C) (188)

when the quantum analogs of equations (5) and (10)—(11) are already given
by equations (159) and (182)—(183), respectively.
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7. DISCUSSION AND PERSPECTIVES

In this work, we have emphasized the importance of the particular choice
of the Schwinger basis in the discrete realization of the Heisenberg group
and in the construction of the associated discrete Weyl-Wigner—Moyal and
Hamiltonian formalisms. Quantum mechanics is then presented as a matrix
symplectic geometry.

Moreover, it has been shown (Landsman, 1992) that the discrete Weyl—-
Heisenberg algebra may give some good understanding of the notion of the
quantum phase space, this latter being necessary to completely formulate
quantum mechanics.

Furthermore, we find in the literature many attempts to describe quantum
mechanics in different directions. Essentially, the tools used for this program
are the star-deformation, quantum algebras, and noncommutative differential
geometry; see, for instance, Dubois-Violette (1988, 1990), Dubois-Violette
et al. (1989a,b, 1990a,b), Landsman (1992), Flato and Lu (1991), Flato and
Sternheimer (1991), Lu (1992), Dimakis and Muller-Hoissen (1992), and
Majid (1992).

In this context, quantum mechanics is presented in Dimakis and Muller-
Hoissen (1992) as a noncommutative symplectic geometry and in Majid
(1992) as a quantum double.

It has also been argued that it is possible to describe classical and quantum
mechanics in a unified scheme of noncommutative geometry (Dass, 1994).

More generally, models of gauge theories based on quantum groups
have been studied (Aref’eva and Volovich, 1990; Castellani, 1992; Brzezinski
and Majid, 1992; Castellani and Montelro, 1993), and quantum versions of
the Killing form and the structure constants presented.

The Newtonian and Lagrangian formulations of quantum mechanics
in this context have also been treated (Sudberg, n.d.; Lukin er al, 1993;
Malik, 1993).

Furthermore, there is a deep link between the theory of quantum groups
and the star-deformation. Effectively, Dubois-Violette (1990) showed that the
C*-Hopf algebra of representative elements corresponding to a compact
matrix quantum group (Woronowicz, 1987) is isomorphic as C*-coalgebra
to the C*-algebra of representative functions on the corresponding classical
compact group. This isomorphism appears as a generalization of the Weyl
correspondence (Weyl, 1931).

In other respects, the question of the determination of the quantum
symplectic structure in its discrete and continuous forms requires more investi-
gation, although Dubois-Violette (1988, 1990) showed that the Heisenberg
algebra A, defined as a C*-algebra with unit generated by two Hermitian
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elements p and q such that [q, p] = i correspond to the two-dimensional
quantum phase space with a noncommutative symplectic structure given by

1

w=g,m[---[dP,P],P],---,P]A[--~[dq,QL(l],~--vQ]

n times n times

which reduces to the ordinary one, dp A dq, at the commutative limit # —
0. This is another confirmation that quantum mechanics can be understood
as a noncommutative symplectic geometry.

In any case, it is clear that all these points and related topics, such as knot
theory, braided groups and algebras, quantum fiber bundles, etc., constitute
research directions of interest.

Finally, this work has been conceived as a step in a large program whose
main aim is to give a more precise description of quantum mechanics in
the framework of modern theories such as quantum groups, knot theory,
noncommutative differential geometry, etc. (Djemai, 1994, n.d.-a,b).
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Erratum

Quantum Mechanics as a Matrix Symplectic
Geometry

A. E. F. Djemai

.Thc fqllowing corrections should be made to the above article that was
published in International Journal of Theoretical Physics, 35, 519-556

(1996).
The top of page 548 should read:

It follows that the quantities Sf’z‘-; are given by:

S& = expliny(m + 1, p)leoslianm, MYisi — 50565 (149)

Finally, we have the following multiplication law:

Y Y7 = expliag(n, m)] Y,z

m+n

= Kl + (ST + 12CE)Y; (150)



